Abstract-Studying electric potential distribution on the cell membrane and electric conductivity gives us an insight into the effects of the electric field on cells and tissues. Since cells are always surrounded by other cells, we studied how their interactions influence the induced transmembrane potential (TMP) and the effective conductivity in dense cell systems. We numerically and analytically studied the effect of cell organization on the induced TMP and the effective conductivity by organizing cells into simple-cubic, body-centered cubic, and face-centered infinite cubic lattices. We analyzed the general relation between the local quantities (electric field and the induced TMP) and the effective properties such as effective conductivity. We demonstrated that the effective conductivity mainly depends on cell volume fraction, while the induced TMP is affected by cell volume fraction as well as cell ordering. We show that in contrast to some reported results, the phenomenological effective medium theory (EMT) equations cannot be used to determine the local quantities (e.g., the induced TMP) in dense cell systems, whereas the effective properties (e.g., conductivity) can be readily analyzed with EMT equations. We further derive an analytical approximation for the induced TMP in dense cell system exposed to dc and ac electric fields, where dominant factors, which govern the local electric field and the induced TMP, are cell volume fraction and cell ordering. The presented theoretical analysis can be extended also to high frequencies or random distribution of cells.
I. INTRODUCTION
T HE INDUCED transmembrane potential (TMP) and electric conductivity of biological cells exposed to electromagnetic fields are of interest in a variety of applications, such as gene electrotransfer [1] - [3] , electrochemotherapy [4] - [6] , study of forces on cells undergoing fusion [7] , [8] , models of cardiac tissue response to defibrillating currents [9] , and study of potential health effects of electric and magnetic fields [10] , [11] . Therefore, investigation of the induced TMP and of the electric conductivity is important in studying the effects of the electric fields on biological cells.
In order to understand how the electric fields interact with cells, we have to evaluate and analyze the induced TMP which is generated across the cell membrane [12] , [13] . For a single cell exposed to the external (applied) electric field, the analytical calculations of the induced TMP provide very good estimates for cells which are spherical or more general ellipsoidal shapes [12] - [16] . By solving the Laplace equation for a single spherical cell, a general equation can be derived, which describes dependence of the induced TMP on the frequency and electrical properties of the cell and the external medium [12] , [17] . The next step for applying these results to real systems is to calculate and analyze dependence of the induced TMP and effective conductivity of cells in dense cell suspensions or tissues. This requires solving Laplace equation for a system of many interacting particles (cells) which, however, cannot be obtained analytically [18] - [20] . In the last few years, it was shown that numerical methods can be successfully applied to obtain the induced TMP in complex cell systems such as suspensions, aggregates, and tissue [21] - [27] . On the other hand, for calculation of the effective conductivity, it was shown by several studies [10] , [18] , [19] , [28] that approximate effective medium theory (EMT) equations can be effectively used to interpret experimental data. In one of the recent studies, Qin et al. [29] proposed that analytical EMT equations could also be used to obtain an analytical approximation for the induced TMP in dense cell systems.
An analytical expression for the induced TMP in dense cell systems would be very useful, since it does not require numerical modeling. Therefore, we tested this hypothesis and more generally analyzed the relation between the local quantities (electric field and the induced TMP) and the effective conductivity of a system of many interacting particles (cells).
We numerically and analytically studied the effect of cell organization on the induced TMP and the effective conductivity by organizing cells into simple-cubic (sc), body-centered cubic (bcc), and face-centered cubic (fcc) lattices. We show that analytical effective medium equations also accurately describe effective conductivity for high density of cells. The effective conductivity of a dense cell suspension does not depend significantly on the organization of the cells for approximately homogeneous ordering of cells. On the contrary, the induced TMP strongly depends on cell ordering. We also show that in contrast to some reported results, the phenomenological EMT equations cannot be used to analytically calculate local electric field and induced TMP in dense systems due to the conceptual difference between effective and local properties. We derive an analytical approximation for the induced TMP for dense cell Fig. 1 . Schematic representation of a spherical cell, where σe, εe, σ i , ε i , and σm, εm represent specific conductivities and permittivities of the external medium, internal medium, and cell membrane, respectively. θ is an angle measured with respect to the applied electric field direction E 0 , R denotes cell radius, and d is the membrane thickness. system exposed to dc and ac electric fields, where dominant factors which govern local field and induced TMP are cell volume fraction and cell ordering.
II. THEORY

A. Induced TMP
When the electric field is applied to a cell or cell system, a nonuniform TMP is induced on a cell membrane. Potential distribution on the surface of a cell placed in the electric field can be calculated either analytically or numerically.
A simplified model of a biological cell is a sphere consisting of a cell cytoplasm σ i surrounded by a very thin low-conducting membrane σ m , which is placed in a conductive medium σ e as shown in Fig. 1 , where d denotes membrane thickness, R is the cell radius, and θ is the angle measured with respect to the electric field direction. Analytical solution for static conditions for the induced TMP is given by Schwan equation [12] - [14] 
where ΔΨ represents the potential drop across the cell membrane.
Factor g(λ) is a function of cell parameters, and E 0 is the applied electric field. For physiological conditions where d R and σ m σ e , σ i , (1) simplifies in
Equation (2) is a very good approximation for a single spherical cell under physiological conditions, but for very low conductive external media, a more general expression has to be used [12] , [14] . An analytical solution can also be derived for spheroidal cells, whereas for arbitrary shaped cells, only numerical methods enable calculations for the induced TMP [30] . Schwan [12] , [14] was the first to derive the solution for a spherical cell exposed to ac electric field
where time constant τ m depends on the electric and geometric properties of a cell The time constant τ m represents a typical time needed for charging of the cell membrane. For a cell exposed to dc electric pulses of duration shorter than τ m , the cell interior is also exposed to the electric field, resulting in the induced transmembrane voltage across the membrane of the cellular organelles. Thus, for very short high-voltage pulses (nanoseconds), cell organelles can also be permeabilized [31] , [32] .
B. Effective Conductivity
The calculation of the effective conductivity of a heterogeneous medium is theoretically a complex problem due to the mutual interactions between the particles. A general theory incorporates all mutual interactions between the particles, with each particle being exposed to a local multipole field which is a sum of all multipole fields of other particles. Since this problem usually cannot be solved, different analytical EMTs which use an average "effective" field were derived [18] - [20] , [33] - [36] . For calculation of the effective properties of biological systems, Maxwell EMT equation [34] , [35] is most frequently used.
Maxwell derived his EMT equation for the effective conductivity σ of a dilute suspension based on a simple example. He calculated potential due to N spheres in an external field, with spheres having conductivity σ p and being dispersed in medium σ e [ Fig. 2(a) ]. Alternatively, this should be equal to the potential of an equivalent sphere having effective conductivity σ [ Fig. 2(b) ]. With this, he obtained
where f denotes volume fraction of cells dispersed in medium. Maxwell equation, however, was derived only for dilute suspensions. Bruggeman tried to extend it to concentrated suspensions by a mathematical procedure [18] , [20] . He obtained the result known as Bruggeman formula
which, however, is again an approximation that, only for certain conditions, represents a better approximation from Maxwell equation. Furthermore, for a special case of heterogeneous medium with spherical particles arranged in an sc lattice, Rayleigh obtained the following result [33] :
where a is a numerical factor which, according to Rayleigh, is 1.65. Later, Tobias and Meredith, following the same procedure, obtained the same formula with the corrected value of the numerical factor a being 0.523 instead of 1.65 [18] , [19] .
C. Equivalent Conductivity of a Single Cell
For a cell surrounded with a membrane of a conductivity σ m and interior σ i , it follows that the field outside the sphere will be the same as the field outside of a homogeneous sphere having an equivalent conductivity σ p [19] 
Under normal physiological conditions, we obtain that cells are practically nonconductive: σ p ≈ 2 × 10 −4 S/m. By introducing the expression for the equivalent conductivity into the Maxwell equation (5) or other EMT equations [18] - [20] , the effective conductivity of a cell suspension can be obtained.
D. Extension to AC Fields-Generalized Conductivity
The derivations so far are valid only for static conditions, i.e., dc conductivity. To extend these calculations to ac conditions and time-domain problems, the conductivities in (5)- (8) have to be substituted with the complex conductivity defined as [35] , [36] 
However, in many low-frequency measurements of bioelectric phenomena below beta dispersion frequency (approximately 1 MHz), the second term in the aforementioned equation is much smaller than the first one, so that static analysis is a valid approximation [10] , [19] .
III. METHODS
For numerical calculations, we used EMAS (Ansoft Co.) software package, which enables solving partial differential equations for complex geometries using finite element method (FEM). A dc current flow analysis was chosen to calculate the electric potential and current density distribution.
As a model of cell suspension, we used cells ordered in an infinite cubic lattice: sc, bcc, and fcc lattices as shown in Fig. 3 .
Biological cells were modeled as nonconductive spheres since, under normal physiological conditions, membrane conductivity is many orders smaller than that of the external medium [10] , [37] . Here, the increased membrane conductivity, which occurs during electroporation, was not modeled [38] .
By using the symmetry of the cubic lattices and applying appropriate boundary conditions, we were able to model infinite cubic lattices with a model of a unit cell of a given lattice [28] . We induced a voltage between surfaces xy, thus applying a homogeneous external field. On all other surfaces, the insulation boundary condition was applied (normal components of the currents are zero: J n = 0). By changing the ratio between cell radius R and side of the unit cell A, we change the volume fraction
where N is the number of spheres contained in each unit cell: N = 1 (sc), N = 2 (bcc), and N = 4 (fcc). From geometries of the unit cells, it follows that the maximum volume fractions for solid spheres are 0.52, 0.64, and 0.74 for sc, bcc, and fcc lattices, respectively. The induced TMP was determined from the calculated potential distribution, whereas the effective conductivity was obtained from the ratio between the obtained total current and the applied voltage.
IV. RESULTS
A. Numerical Results of the Effective Conductivity and of the Induced TMP
We used FEM to calculate the induced TMP and effective conductivity of cells ordered in infinite cubic lattices (see Fig. 3 ) which represent a model of a dense cell system such as cell suspensions or tissue. Cells are represented as nonconductive spheres, which is a valid approximation for dc fields and for ac fields below approximately 1 MHz (beta dispersion) [10] , [12] , [19] .
In Fig. 4 , we compare the results for the effective conductivity of numerical FEM models to different analytical theories given by (5)- (7) . It can be seen that analytical theories for the effective conductivity are exact for smaller values of f ; however, for higher volume fractions, deviations from numerical values can be observed. In general, the results of our FEM models fit best to Maxwell and Tobias equations. This is in Fig. 4 . Normalized effective conductivity of a cell suspension for different volume fraction f of (symbols) numerical FEM results and (lines) analytical EMT solutions of Maxwell, Rayleigh, Tobias, and Bruggeman is shown. Results of FEM calculations were obtained with the models of cells ordered in infinite cubic lattices: sc, bcc, and fcc lattices (see Fig. 3 ). agreement with the experimental results obtained on different model systems [18] , [19] , where it was shown that in the case of the ordered spheres of uniform sizes, the experimental results fit best to Maxwell and Tobias equations.
It can also be seen that ordering of cells into different lattices has only minor effect on the effective conductivity for physiological values of parameters where cells are practically nonconductive. Since the volume occupied by the cells does not conduct current, the only parameter that determines the effective conductivity is the cell volume fraction. In other words, the percentage of volume which is conductive mainly determines the effective conductivity of a system of many cells.
In contrast to the effect of ordering on effective conductivity, we can observe (Fig. 5 ) that the ordering of cells has large effect on the induced TMP in dense cell system. In Fig. 5 , numerical results of the normalized maximal TMP ΔΨ max /E 0 R for sc, bcc, and fcc lattices are compared. For sc and bcc lattices, the induced TMP falls approximately linearly with increasing volume fraction from 1.5 to 1 and 1.15, respectively, whereas for fcc lattice, it drops more slowly from 1.5 to 1.27. The largest decrease in induced TMP in dense system is observed for sc lattice (maximum of 30% decrease), while for fcc, decrease in ΔΨ max /E 0 R is the smallest (maximum of 15%). This can be explained with different ratios of R/d latt for different cubic lattices, where the parameter d latt is defined as the distance between the centers of two neighboring cells [see Appendix and Fig. A.1(a) ]. Namely in sc lattice, the distances between the cells are smaller for the same volume fraction compared to distances between the cells arranged in fcc lattice consequently leading to larger effect of neighboring cells on the local electric field. The difference between different lattices therefore affects mutual interactions between the cells, and the effect on the local electric field is different.
B. Analytical Calculations of the Induced TMP in Dense Cell System
Here, we present analytical approximation for the potential induced on the membrane of spherical cells ordered in sc, bcc, and fcc lattices having a given volume fraction of cells f exposed to external ac electric field. The presented equations are valid also for dc fields, taking into account that ω = 0.
Following the derivation of Qin et al. [29] (details of the calculations are represented in the Appendix), one obtains the solution for the induced potential on the cell membrane ΔΨ(jω) = 1.5
Factor F 1 according to Qin et al. [29] reflects the relation between the effective field E and the external field E 0 and can be derived from Maxwell EMT equation (5)
The factor F 2 , as defined in (11), incorporates the change in the potential due to the effect of neighboring cells and depends on cell organization, i.e., the number of nearest neighbors N and the cell volume fraction f
where N = 1 for sc, N = 2 for bcc, and N = 4 for fcc lattice. However, this derivation was based on the assumption that the potential in dense system is affected by the neighboring cells through parameter F 2 as well as through the change of the electric field, which was derived on the basis of EMT Maxwell equation leading to F 1 . However, this assumption is incorrect since the change in the effective field is already taken into account by the factor F 2 . The factor F 1 , as defined, represents the usual depolarization factor which equals one in an infinite periodic lattice, and therefore, we have to set
This can be understood also by analyzing the limit case of a very dense system when f is reaching maximal packing ration (0.74 for fcc lattice). Then, the factor F 1 according to (12) Fig. 6 . Comparison of the analytical calculations of the maximal TMP ΔΨmax/E 0 R for three cubic lattices for dc electric field (ω = 0). We compare our (solid lines) analytical approximation as given in (16) to the (dashed lines) calculations of Qin et al. [29] .
would increase to 1.37, meaning that the induced TMP in a very dense system would be higher then for lower volume fractions, i.e., when f = 0.3.
From (11)- (14), we have thus finally obtained the analytical approximation for the frequency-dependent induced TMP on cells arranged in cubic lattices
The magnitude of the induced TMP exposed to ac field
In Fig. 6 , the comparison of the maximal induced TMP calculated using our analytical approximations [see (15) ] to the calculations of Qin et al. [see (5) and (6)] is shown for static electric field. It can be seen that, according to Qin et al. [29] , the potential should increase for f > 0.1, which is physically incorrect as well as in disagreement with numerical calculations (see Fig. 5 ) and experimental results [39] . Our analytical results approximately follow the numerical results for fcc lattice; however, deviations from numerical results for sc and bcc lattices are substantial. The analytical approximation correctly predicts the maximal decrease in ΔΨ max /E 0 R from 1.5 to 1 for sc lattice as well as basic relation between different organizations as shown in Fig. 5 , mainly that ΔΨ max /E 0 R sc < bcc < fcc.
In Fig. 7 , we calculated the frequency-dependent magnitude of the induced TMP-|ΔΨ max |/E 0 R for dense cell system (f = 0.5) using analytical approximation (15) and generalized conductivities [see (9) ]. To obtain equivalent conductivity from (8), we used average physiological values of conductivities and dielectric constants of membrane, cytoplasm, and external medium given in literature (see Table I ). These parameters are constant over a low-frequency range but change above megahertz [17] . (8), (9), and (15) using the parameters given in Table I . The results are presented for a dense cell system with volume fraction f = 0.5 for different cell ordering and compared to the results of a single cell (dilute cell suspension) f = 0.001. It can clearly be seen that, also for ac electric fields, the induced TMP is decreased for high volume fraction from the values for a single isolated cell (low volume fraction) up to 10 MHz, while for higher frequencies, dielectric properties start to dominate and there is no significant effect of cell density on the induced TMP.
V. DISCUSSION AND CONCLUSION
In this paper, we present analytical and numerical calculation of the induced TMP and the effective conductivity of cells in dense systems such as cell suspensions and tissue. The presented analysis gives a theoretical evaluation of the interaction of the electric fields in dense cell system by analyzing different volume fractions and cell organizations. These results should offer a better insight of how the electric field interacts with cells in dense systems through the induced TMP and electric current.
By using FEM numerical models, we calculated the effective conductivity and the induced transmembrane voltage of many cell systems where cells were ordered in different cubic lattices. We calculated the effective conductivity for different cell ordering (sc, bcc, and fcc lattices) as well as for different volume fractions of cells. We obtained (see Fig. 4 ) that the analytical effective medium equations also accurately describe the effective conductivity for high density of cells in agreement with experimental studies [10] , [19] , [38] . We furthermore obtained that the effective conductivity mainly depends only on cell volume fraction (Fig. 4) , while cell ordering has no significant effect. In contrast to this, we obtained that the induced TMP is affected by both cell volume fraction and cell ordering, as can be seen in Fig. 5 . The numerically calculated decrease in the induced TMP is in agreement with other experimental [39] and numerical [24] , [27] studies on dense cell systems.
Since our results clearly show that the effective conductivity does not depend on cell ordering while induced TMP does, this demonstrates that EMT theories cannot be used to calculate local properties such as local electric field or potential since they cannot incorporate ordering of particles in the medium.
We further derived an analytical approximation for the induced TMP in dense cell system exposed to dc and ac electric fields, where dominant factors that govern the local electric field and the induced TMP are the cell volume fraction and cell ordering. Our analytical approximation qualitatively describes the decrease of the induced TMP for cells arranged in different cubic lattices (Figs. 5 and 6) and correctly predicts the largest drop of the induced TMP for sc lattice; however, it can only qualitatively describe the dependence on cell volume fraction. The analytical results for cell exposed to ac fields showed that the induced TMP is also decreased for high volume fraction of cell up to 1 MHz (Fig. 7) .
More generally, our results are important for all calculations of effective and local properties. We have shown that in contrast to some reported results [29] , the phenomenological EMT theories, even though accurate for effective conductivity, cannot be used to determine local fields or potentials in dense cell systems. This is due to the conceptual difference between the theories which calculate local potentials and fields and between the EMT theories which include only average interaction of the neighboring cells. Based on our results, we can conclude that EMT theories can be successfully applied to obtain the effective properties of dense biological systems even for very high volume fraction of cells, while for calculation of the induced TMP, the numerical methods represent the most accurate method.
The presented analysis is relevant for dc and ac problems for frequencies below 1 MHz where the electric properties of cells are constant and cells behave as nonconductive objects [10] , [17] . Nevertheless, numerical FEM models can also be extended to a higher frequency range by taking into account frequency-dependent electrical properties of cells. It should also be stressed that our calculations are valid for cells that are not electrically connected, which is true for cell suspensions [38] and multicellular tumor spheroids [39] . For tissue cells and cells that are electrically connected with gap junctions, other approaches have to be used [22] . Under approximation, which we use, is ordered distribution of cells. In real suspensions, cells order randomly so that cells are as far as possible from each other; therefore, fcc lattice is probably the closest approximation to real cell suspension. On the other hand, in tissue, there is an irregular distribution and/or irregular shape of cells for which different model should be used. In order to extend our analysis to more realistic random or aggregated cell distributions with cells of different sizes, more complex numerical models would have to be used [40] . First, we follow the derivation of Qin et al. [29] which derives the induced TMP and changes of the local field by taking into account two contributions: the change of the local field due to the changes of the effective field inside a system with many cells with the use of EMTs and the change of the local field due to the effect of surrounding cells.
Biological cells consisting of a cell interior and a cell membrane are replaced with homogeneous spheres having equivalent conductivity, which is valid for dc fields and ac field below 1 MHz [19] , [37] .
If we assume cubic ordered distribution of biological cells in a suspension, we can evaluate the effect of neighboring cells on the local field by analyzing a unit cell in the cubic lattice. In Fig. A.1 , we show cells ordered in an infinite cubic lattice exposed to external applied field E 0 (a) and a single cell exposed to external local field E 0 . With parameter d latt , we defined the distance between the centers of two neighboring cells. If we assume that the local field E 0 represents the effect of all neighboring cells, then the single cell exposed to E 0 represents equivalent to any cell inside an infinite ordered suspension as shown in Fig. A.1(a) . From this assumption, it follows that the voltage between A and B along the z-axis equals the potential drop along the z-axis in Fig. A.1 
where E e and E i denote the local fields outside and inside the single cell as shown in Fig. A.1(b) , which is exposed to the local electric field E 0 . If we take into account that the ratio between R and d latt depends on the cell volume fraction f and the number of cells in a unit cell N (N = 1 for sc, N = 2 for bcc, and N = 4 for fcc lattice)
(A.5) and using approximation σ p = 0 (normal physiological conditions), the factor F 2 simplifies into According to Qin et al. [29] , there is an additional factor F 1 which changes the local field, which reflects the relation between the effective field E and external field E 0 and can be derived from Maxwell EMT equation
Therefore, according to Qin et al. [29] , one can obtain the solution for the induced potential on the cell membrane by taking into account both factors-F 1 and F 2 ΔΨ(jω) = 1.5E 0 (jω)
However, the factor F 1 represents only the effective field inside a spheroid (aggregate) of spherical particles [24] and is not a valid solution for an infinite lattice. Factor F 1 is actually the usual depolarization factor which equals one in infinite periodic lattice representing a cell suspension. From the aforementioned analysis, it therefore follows that the only factor that influences changes in the local field E 0 and the induced TMP is factor F 2 [see (A.7)], which incorporates the changes in the local field and the local potential due to the effect of neighboring cells. It depends on cell organization (number of cells in a unit cell N ) and on the cell volume fraction f , while F 1 = 1.
From this, we obtain that the induced TMP on any cell inside an infinite suspension has to be calculated, assuming that each cell is exposed to the local electric field E 0 . The analytical Here, we have to stress that this approximation does not take into account higher multipole contributions in the interaction since only dipole factors are taken into account.
